Under the usual assumptions of small strains with moderately large rotations, the problem of the transverse vibrations of highly prestressed, nonuniform annular plates is reduced to the solution of the differential equation governing the transverse vibration of the corresponding prestressed membrane subject to modified boundary conditions that account for the effects of bending. The methods of matched asymptotic and/or composite expansions are used to determine these modified boundary conditions. The agreement of the results of both methods with known exact solutions for simple geometries demonstrates the efficiency of this technique when compared with other well-known numerical techniques.
where N is a measure of the applied loads, a state of membrane deformation prevails over the plate except in thin layers next to the edges of the plate where a state of bending deformation exists. As ½ decreases, these bending layers become thinner.
With a purely numerical technique, such as the finiteelement method, •' the entire plate is modeled using a large number of bending elements to accurately simulate the effects of the boundary conditions on the displacement and stress distributions, thereby not exploiting the fact that a large portion of the plate behaves like a prestressed membrane. As ½-0, more and more elements will be needed, resulting in a large computational time.
On the other hand, purely analytical methods are capable of yielding solutions for simple geometries. To treat the vibration of highly prestressed plates with complex geometries, we propose a numerical-perturbation technique. This technique is demonstrated for annular nonuniform plates.
The perturbation methods of matched asymptotic and/ or composite expansions are used to reduce the solution of the problem of the transverse vibrations of nonuniform, highly prestressed plates to the solution of the simpler problem of the transverse vibrations of nonuniform membranes, but with modified boundary conditions that account for the effects of bending. This simpler problem is then solved by using a finite-element method. It should be mentioned that only the geometric matrix is needed in a membrane element (no bending rigidity), while the stiffness as well as the geometric matrices are needed in a bending element to model the effects of in-plane forces on out-of-plane deformations. Moreover, since the governing equation in the ease of a vibrating membrane is a second-order, partial differential equation, the geometric matrix for this analysis can be based upon a lower-order polynomial for the out-of-plane displacement function than that which would be used for vibrating plates. This then leads to a reduction in the size of the geometric matrix for each element, which in turn implies a reduction of the total number of degrees of freedom of the assembled model.
I. PROBLEM,FORMULATION
We consider linear transverse vibrations of nonuniform, highly prestressed, annular plates. For infinitesimal transverse vibrations, the effects of midplane stretching on the in-plane loads can be neglected. To complete the problem formulation, we need to specify the boundary conditions. For definiteness, we consider the case of a clamped annular plate for which w=0and•-=0 atr=aand r=l,
where a< 1. For a circular plate, the boundary condition at r = a is replaced by w< oo at r=0. According to the method of matched asymptotic expansions, one determines expansions, which we refer to as bending expansions, that are valid in the edge layers by using stretched transformations. Then, these expansions are matched to the straightforward expansion (6) (membrane expansion). A uniformly valid expansion is subsequently formed by adding the bending expansions to the membrane expansion and subtracting the common parts. In this problem, the stretching transformation near the outer edge is
while the stretching transformation near the inner edge is.
•i =(r-a)/(. 
In other words, w} ø> is significant only in the thin bending layer next to the outer edge, while w} •> is significant in the thin bending layer next to the inner edge.
A. Method of matched asymptotic expansion
According to this method, we seek an outer expan- 
• ( edges, a finite-element method using plate elements is not optimal for this problem, owing to the large number of elements needed to accurately determine the state of deformation next to the plate edges. On the other hand, the higher the prestressed load is, the more accurate the results of the methods of matched asymptotic and composite expansions. Thus, the more difficult it gets to calculate the response by using numerical techniques, the easier it becomes to calculate the response by using the present technique.
